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The quantum Rabi model describes the interaction between a two-level quantum system and a single bosonic
mode. We propose a method to perform a quantum simulation of the quantum Rabi model introducing a novel
implementation of the two-level system, provided by the occupation of Bloch bands in the first Brillouin zone
by ultracold atoms in tailored optical lattices. The effective qubit interacts with a quantum harmonic oscillator
implemented in an optical dipole trap. Our realistic proposal allows to experimentally investigate the quantum
Rabi model for extreme parameter regimes, which are not achievable with natural light-matter interactions.
Furthermore, we also identify a generalized version of the quantum Rabi model in a periodic phase space.
The Rabi model [1] is a semiclassical description of the
dipolar interaction of a nuclear spin with electromagnetic ra-
diation. Its full quantum version, known as the quantum Rabi
model, has been applied more generally to describe the in-
teraction between a two-level quantum system and a single
bosonic mode, regardless of their specific physical origin. In
the strong coupling regime, where the coupling strength is
larger than dissipation rates but small compared to the sys-
tem characteristic frequencies, the quantum Rabi model can
be reduced via a rotating-wave approximation to the Jaynes-
Cummings model [2]. The latter has been used for decades
to explain a plethora of experiments [3–5] in quantum optics
and condensed matter, such as cavity quantum electrodynam-
ics (QED), trapped ions, circuit QED and quantum dots.
More recently, it has been experimentally demonstrated
that the ultrastrong coupling regime can also be achieved [6–
11], where the coupling strength is large enough to break
the rotating-wave approximation and the full quantum Rabi
model must be considered. The interest in the ultrastrong cou-
pling regime is motivated by novel fundamental features [12–
16] and potential computational benefits [17–20]. Despite
its ubiquity, analytical solutions for the quantum Rabi model
spectrum has been developed only recently [21], prompt-
ing further theoretical efforts to study generalizations of the
quantum Rabi model, including anisotropic couplings [22],
two-photon interactions [23–25] and the Dicke model [26].
Besides, significant efforts are devoted to reproducing these
models using different quantum technologies [27–31].
Ultracold atoms represent one of the most advanced quan-
tum platforms for the implementation of analog quantum sim-
ulations [32]. They have mostly been associated with the im-
plementation of quantum many-body and condensed-matter
models. Spin-like degrees of freedom have been implemented
with ultracold atoms using internal electronic transitions [33–
35]. Alternatively, the creation of two-level systems with
atomic quantum dots [36, 37] or double-well potentials [38]
have been proposed. Remarkably, relativistic effects [39–41]
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FIG. 1. Band structure for an optical lattice potential. Comparison
of the dispersion relation for the first and second bands for a lattice-
potential depth of V = 2Er (solid blue line) and a free particle (dashed
red line). The gap between the first and second bands corresponds to
the effective qubit energy splitting.
have also been simulated using ultracold atoms.
Here, we propose a quantum simulation of the quantum
Rabi model with cold atoms loaded onto a periodic lattice.
The effective two-level quantum system is simulated by dif-
ferent Bloch bands in the first Brillouin zone, and the bosonic
mode is represented by the motion of the atomic cloud in a su-
perimposed harmonic optical-trap potential. The qubit energy
spacing is proportional to the periodic lattice depth, while the
interacting bosonic mode is intrinsic in the qubit definition.
When the edge of the Brillouin zone is reached, we find that
a generalized version of the quantum Rabi model in periodic
phase space is realized.
We show that our method, feasible with nowadays technol-
ogy, can access extreme parameters regimes of the quantum
Rabi model. This will allow for the experimental study of
the transition between the deep strong coupling (DSC) regime
[42], where the coupling strength is larger than bosonic-mode
frequency, and the dispersive deep strong coupling (dDSC)
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2regime, where in addition the frequency of the qubit is much
larger than the frequency of the bosonic mode. The complex-
ity of such a model has been recently highlighted by the pre-
diction of a phase transition, even in the single-qubit case,
when the ratio between the qubit and the bosonic frequency
tends to infinity [43].
The system here considered is composed of a cloud of ul-
tracold atoms exposed to two laser-induced potentials: a pe-
riodic lattice and a harmonic trap. When the atom density is
sufficiently low, interactions among the atoms are negligible,
and the system can be described with a single-particle Hamil-
tonian, composed of the sum of a harmonic part HP and a
quadratic term
Hˆ = HˆP+
mω20
2
xˆ2 , HˆP =
pˆ2
2m
+
V
2
cos(4k0xˆ), (1)
where, pˆ = −ih¯ ∂∂x and xˆ are momentum and position of an
atom of mass m, respectively. Here, ω0 is the angular fre-
quency of the atom motion in the harmonic trap, while V and
4k0 are the depth and wave-vector of the periodic potential, re-
spectively. The periodic lattice is resulting from a four-photon
interaction with a driving field [40, 44, 45] of wave-vector k0.
In the following, we will assume that the harmonic trap is
slowly varying on the length-scale of the periodic potential.
Under this assumption, the most suitable basis is given by the
Bloch functions 〈x |φn(q)〉= φn(q,x)= eiqx/h¯unb(x), with q the
quasi-momentum and nb is the band index, while unb(x) must
be a periodic function with the same periodicity of the peri-
odic potential. Accordingly, we define unb(x) = e
−i2k0xei4nbk0x
where we have added the phase e−i2k0x to the unb(x) functions
definition in order to obtain a convenient first Brillouin zone,
q ∈ (−2h¯k0,2h¯k0]. Notice that the Bloch functions are identi-
fied by a discrete quantum number, the band index nb, and a
continuous variable, the quasi-momentum q. Hence, we can
define a continuous and a discrete degrees of freedom, and
rewrite the Bloch basis as
∣∣φnb(q)〉= |q〉 |nb〉.
First, let us consider the periodic part Hˆp of the system
Hamiltonian, later we will discuss the effect of the harmonic
trap. It is straightforward to see that the momentum opera-
tor is diagonal in the Bloch basis, while the periodic potential
introduces a coupling between adjacent bands
Hˆp |q〉 |nb〉= 12m
[
q+(2nb−1)2h¯k0
]2 |q〉 |nb〉 (2)
+
V
4
(
|q〉 |nb+1〉+ |q〉 |nb−1〉
)
.
Let us now include the quadratic term of Eq. (1) in our treat-
ment. In the Bloch basis, we can write
〈q˜, n˜b|xˆ2|q,nb〉=
∫ +∞
−∞
dxx2ei[4(nb−n˜b)k0+(q−q˜)/h¯]x. (3)
Considering diagonal elements in the band index, i.e., set-
ting n˜b = nb, we have 〈q˜,nb|xˆ2|q,nb〉 = −h¯2〈q˜,nb| ∂ 2∂q2 |q,nb〉.
Hence, we see that the harmonic potential introduces an op-
erator, diagonal in the qubit Hilbert space, which can be ex-
pressed as xˆ = −ih¯ ∂∂q , in the Bloch basis. This allows us to
define the quasi-momentum operator qˆ and the position oper-
ator xˆ, which satisfy the commutation relation [xˆ, qˆ] = ih¯.
On the other hand, for n˜b 6= nb, the integral in Eq. (3)
is maximized if the relation 4h¯k0(nb − n˜b) = q˜− q is satis-
fied. Hence, the quadratic potential introduces a coupling be-
tween neighboring bands, for states whose momenta satisfy
q˜− q = 4h¯k0, of the kind (|2h¯k0,nb〉〈−2h¯k0,nb+1|+H.c.).
This effective coupling is due to the periodicity of the quasi-
momentum, which mixes the bands at the boundaries of the
Brillouin zone. Such a coupling can be neglected as far
as the system dynamics involves only values of the quasi-
momentum qˆ included within the first Brillouin zone.
Assuming that the system dynamics is restricted to the two
bands with lowest energy (nb = 0,1), as shown in Fig. 1, the
periodic part HˆP of the Hamiltonian can be rewritten in the
Bloch basis as
HˆP(q) =
1
2m
(
q2+4h¯k0 q 0
0 q2−4h¯k0 q
)
+
V
4
(
0 1
1 0
)
, (4)
while the quadratic trapping potential
xˆ2 =−h¯2 ∂
2
∂q2
(
1 0
0 1
)
+Ω(|2h¯k0,0〉〈−2h¯k0,1|+H.c.) , (5)
where Ω = 〈−2h¯k0,1|xˆ2|2h¯k0,0〉. Defining annihilation op-
erator aˆ =
√
mω0
2h¯
(
−ih¯ ∂∂q + imω0 qˆ
)
and creation operator aˆ†,
respectively, and rotating the qubit basis with the unitary op-
erator U = 1√
2
(
1 −1
1 1
)
, the total system Hamiltonian, up to
the umklapp term, can be finally rewritten as
Hˆ = h¯ω0aˆ†aˆ+
h¯ωq
2
σz+ ih¯gσx
(
a†−a) , (6)
which corresponds to the quantum Rabi Hamiltonian where
we have defined the effective qubit energy spacing ωq = V2h¯
and the interaction strength g= 2k0
√
h¯ω0
2m . The Pauli matrices
are defined in the rotated basis and, using the notation for the
Bloch bands, they can be written as
σx = |nb = 0〉〈nb = 0|− |nb = 1〉〈nb = 1| , (7)
σz = |nb = 1〉〈nb = 0|+ |nb = 0〉〈nb = 1| .
Notice that, in the standard form of the quantum Rabi model,
the qubit-field coupling is usually written in terms of the po-
sition operator, while in Eq. (6) it appears in terms of the mo-
mentum operator. The two definitions are equivalent up to a
global phase factor.
The full system Hamiltonian of Eq. (1) resembles the quan-
tum Rabi model only when the effective coupling between
different bands induced by the harmonic potential can be ne-
glected. Such an approximation holds as long as the sys-
tem wave-function 〈q |ψ(t)〉 is completely included in the first
Brillouin zone. Clearly, this constraint limits the proposed im-
plementation to values of the momentum qˆ smaller in modulus
than 2h¯k0. In the following, we will show that this constraint
3does not impede to observe the highly non-trivial behavior
of the quantum Rabi model in the DSC and dDSC regimes.
The DSC regime was introduced theoretically in [42] and it is
generically characterized by g > ω0. However, in the hitherto
unexplored dDSC regime, we have the condition ωq  ω0.
Interestingly, some key features of the DSC regime are re-
produced even when the periodicity of the quasi-momentum
becomes relevant for the system dynamics.
For the implementation in a cold atomic setup, we consider
previous experiments of ultracold rubidium atoms in optical
lattices, where Fourier synthesized lattice potentials are used
in order to tailor the atomic dispersion relation [41, 46]. A
trapping potential for atoms can be realised by superimposing
a dipole potenial generated by a focused far red detuned laser
beam. To minimize the interatomic interactions it will be de-
sirable to operate with a moderate number of atoms, typically
a few thousand. After initialising, the momentum of the atoms
must be manipulated, in order to produce relevant states of the
simulated qubit and bosonic mode.
Notice that the qubit state is encoded in the occupation of
the Bloch bands |±2h¯k0〉 = |nb ·4h¯k0−2h¯k0〉 ≡ |nb〉, while
the bosonic mode quadratures are encoded in the position xˆ
and quasi-momentum qˆ of the atoms. The qubit can be ini-
tialized in an arbitrary state by preparing the atoms in the cor-
responding position of the Bloch spectrum. This can be done
by applying a Doppler-sensitive Bragg pulse [47]. Due to mo-
mentum conservation, the process entails a discrete momen-
tum kick of±2h¯k0. By controlling the share of atoms that gain
positive or negative momentum, as well as the relative phase
between the Bragg pulses, the effective qubit can be initialized
in any superposition of σx eigenstates [as defined in Eq. (7)].
Both the momentum (and correspondingly the state of σx),
and in principle the position can be measured with absorption
imaging techniques [32]. For the former, standard time-of-
fligth imaging can be used, as performed by simultaneously
deactivating both the lattice beams and the dipole trapping
potential and then detecting the atoms in the far field after
a given free expansion time. While the reconstruction in this
way is possible with a high precision [41], achieving the re-
quired spatial resolution for an in situ position detection of the
oscillation is experimentally challenging.
For completeness, we mention that the qubit operator σz
can also be directly measured via adiabatic mapping [32, 48],
but only when the system state is close to the avoided cross-
ing in the Bloch spectrum. By accelerating adiabatically the
lattice from q ∼ 0 to q ∼ 0.5h¯k0, Bloch waves are mapped
onto the free-particle momentum states. Such a process cor-
responds to a rotation in the effective qubit Hilbert space. The
required adiabatic acceleration of the mapping can be per-
formed by means of a continuous frequency chirp applied to
one of the lattice laser beams.
Let us now consider the dynamics of the quantum Rabi
model in the specific parameter regimes of interest for the pro-
posed quantum simulation. Given that only very high values
of the ratio between the coupling strength g and the bosonic
mode frequency ω0 are accessible, the rotating wave approx-
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FIG. 2. Comparison between the full cold atom Hamiltonian (red
continuous line) and the quantum Rabi model (blue dashed line). The
momentum is shown in units of h¯k0, while the position in units of
1/k0 and the coupling strength g/ω0 = 5.18. For the dDSC, the ratio
of frequencies is given by ωq/ω0 = 28.7 while, for the DSC regime,
ωq/ω0 = 0.
imation can never be applied and the model cannot be im-
plemented in the Jaynes-Cummings limit. However, we will
show that interesting dynamics at the crossover between the
dDSC and the DSC regime can be observed, for values of pa-
rameters that are unattainable with so far available natural im-
plementations of the quantum Rabi model.
By means of numerical simulations, we have compared the
dynamics of the full cold-atoms model in Eq. (1) with the cor-
responding effective quantum Rabi model in Eq. (6). Numer-
ical simulations of the full model have been performed in the
position basis, applying a discretization of the real space over
more than 103 lattice sites. The quantum Rabi model has been
numerically simulated introducing a cut-off (N > 500) on the
maximum number of bosonic excitations.
In Fig. 2, we show the results of such numerical simula-
tions, in different parameter regimes. The initial state |ψ0〉 =
|q = 0h¯k〉 |nb = 1〉 is given by the vacuum of the bosonic mode
and an eigenvectors of σx. Such a state can be obtained prepar-
ing the atomic cloud at the center of the harmonic trap and at
the q = 0 of the nb = 1 band of the Bloch spectrum, which
corresponds to atoms prepared at p = +2h¯k. In all plots, the
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FIG. 3. Numerically evaluated real-momentum distribution of the
cold atom cloud during the dynamics showed in Fig. 2, at different
evolution times. For the dDSC regime (upper panel), the Rabi pa-
rameters are given by g/ω0 = 7.7 and g/ωq = 0.43. In this case, the
initial wave-function is transformed back and forth between two dis-
tributions centered on the states |p =±2h¯k0〉. For the DSC regime
(lower panel), g/ω0 = 10 and ω0 = ωq. In this case, the system is
continuously displaced in momentum space till a maximum value of
the momentum.
red continuous line shows the dynamics of the full model (cf.
Eq. (1)), while the dashed blue line corresponds to the quan-
tum Rabi model (cf. Eq. (6)). The good agreement between
the two simulations breaks down when the system state hits
the border of the validity region of the quantum simulation.
Different behaviors between the two regimes are more visi-
ble in the expected value of σx which, in the DSC regime, is
approximatively a conserved quantity, as shown below.
In Fig. 3, it is shown the distribution P(p) = |〈p |ψ(t)〉 |2of
the atomic physical momentum pˆ, for different evolution
times. The momentum distribution can be experimentally ob-
tained via time-of-flight measurements, and gives a clear pic-
ture of the system dynamics during the quantum simulation
of the quantum Rabi model. The cloud is initialized in the
momentum eigenstate |p =−2h¯k0〉= |q = 0〉 |nb = 0〉. When
the periodic lattice strength V is large enough, the dynamics
is dominated by the coupling between the |p =±2h¯k0〉 states.
This case corresponds to the dDSC regime in Fig. 2. Other-
wise, the dynamics is dominated by the harmonic potential,
and the evolution resembles the quantum Rabi model in the
DSC regime.
We have first shown that our proposal is able to reproduce
the dynamics of the quantum Rabi model at the crossover be-
tween the dDSC and DSC regimes. The analogy is broken
when the value of the simulated momentum exceeds the bor-
ders of the first Brillouin zone. When this is the case, the
model represents a generalization of the quantum Rabi model
in a periodic phase space. In the following we show that col-
lapses and revivals of the initial state, which represent the
signature of DSC regime of the quantum Rabi model, are
matched by the full atomic model. Let us first review the
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FIG. 4. Comparison between the full cold atom Hamiltonian (red
continuous line) and the QRM (blue dashed line). a) The plot
shows collapses and revivals of the initial-state population Pin =
|〈ψin |ψ(t)〉 |2. The initial state is given by |ψin〉 = |q = 0〉 |nb = 1〉.
The coupling strength is given by g/ω0 = 5.18, while the qubit en-
ergy spacing vanishes ωq = 0. In this limit, collapses and revivals
corresponds to harmonic oscillations of the atoms in the trap poten-
tial. b) Temporal evolution of the quasi-momentum in units of 2h¯k0,
as in right column of Fig. 2, for the long time dynamics. Notice that
the value of the quasi-momentum is bound at |q| ≤ 2h¯k0 and that the
different behavior between the Rabi and the periodic quantum Rabi
model appears at the boundary of the Brillouin zone.
quantum Rabi model dynamics, considering the initial state
|ψin〉 = |q = 0〉 |nb = 0,1〉. In the DSC regime, the system
evolution is described by the approximated solution [42],
|ψ(t)〉= e−iHˆDSCt |ψin〉=−1e−iφ(t)D
[
(−1)nbβ (t)] |0〉 |nb〉
(8)
where φ(t) is a global phase independent of the qubit
state, while D[β (t)] is a displacement operator and β (t) =
i gω0
(
e−iω0t −1). Accordingly, during the system time evo-
lution σz is conserved, while the vacuum state is displaced
into a coherent state that rotates in phase space and that re-
turns into the initial state with period T = 2pi/ω0. This pat-
tern of collapses and revivals is shown (blue dashed line)
in Fig. 4(a) for the case in which the solution of Eq. (8)
is exact (ωq = 0). The width of the peaks is given by the
width of the momentum distribution of the initial state. As
shown in Fig. 4(b) the periodicity of the momentum results
in shifted values of qˆ for half period of the system dynam-
ics. Notice that, when the system is initialized in the state
ψin = (|q = 0〉 |nb = 1〉+ |q = 0〉 |nb = 0〉)/
√
2, the dynam-
ics of Eq. (8) leads to Schroedinger cat generation ψ(t) =
(|β (t)〉 |nb = 1〉+ |−β (t)〉 |nb = 0〉)/
√
2. The size of the cat
state is given by the maximum value of the displacement
βmax = 2 gω0 , and so it is proportional to the coupling strength.
We have developed a method to implement a quantum sim-
ulation of the quantum Rabi model for unprecedented values
of the coupling strength, using a system of cold atoms in a pe-
riodic lattice. Furthermore, the proposed scheme represents a
generalization of the quantum Rabi model in the first Brillouin
zone of the periodic phase space. A natural extension of the
present work is the inclusion of atomic interactions, in order
to implement a many-body system composed of interacting
quantum Rabi models.
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